This paper proposes an H−/H∞ fault detection observer method by using generalized output for a class of polytopic linear parameter-varying (LPV) systems. As the main contribution, with the aid of the relative degree of output, a new output vector is generated by gathering the original output and its time derivative, and it is feasible to consider H− actuator fault sensitivity in the entire frequency for the new system. In order to improve actuator and sensor fault sensitivity as well as guarantee robustness against disturbances, simultaneously, an H−/H∞ fault detection observer is designed for the new LPV polytopic system. Besides, the design conditions of the proposed observer are transformed into an optimization problem by solving a set of linear matrix inequalities (LMIs). Numerical simulations are provided to illustrate the effectiveness of the proposed method.
Introduction
In recent decades, with the increasing demands of safety and reliability for modern complex control systems, fault detection has become an important issue and received abundant results; see the works of Frank (1990) , Chen and Patton (1999) or Ding (2008) , and the references therein. In practice, most dynamic systems are nonlinear, as linear parameter varying (LPV) theory can offer an efficient paradigm to model nonlinear systems with online measurable parameters. Besides, it is convenient to extend the method and theory of linear systems into LPV systems, and fault detection for nonlinear systems based on the LPV method has gained a great deal of interest (Henry et al., 2015a; Tanaka and Wang, 2001) .
Among fault detection methods, the observer-based * Corresponding author one has been investigated most deeply (Wang et al., 2015a; Varga and Ossmann, 2014; Rodrigues et al., 2015; Yin et al., 2017) . The basic idea of this method is to generate a residual between the real system and the observer, then compare the generated residual with a predefined threshold to determine whether a fault occurs. Balas et al. (2002) , Bokor and Balas (2004) , Bokor (2007) and Vanek et al. (2014) investigated the problem of fault detection for LPV systems based on a geometric approach, in which the directional LPV observer is designed by using parameter-varying (C, A)-invariant subspaces and a parameter-varying unobservable subspace. A nullspace approach is proposed by Varga (2008) , which is a variant of the geometric method. Besides, a parameter-dependent state observer design method is studied by Bara et al. (2001) , Millerioux et al. (2004) and Casavola et al. (2007) .
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Due to the effect of an unknown disturbance on the residual, robustness against the disturbance has been one of the most important issues related to the observer-based fault detection method. One strategy is to decouple the disturbance from the residual, which comprises the eigenvalue assignment method and the unknown input observer method. However, the decoupled conditions are generally restrictive and hard to be satisfied for some cases. Another method is to attenuate the disturbance effect through H ∞ techniques. Furthermore, in order to distinguish the fault effect from the unknown disturbance, a robust fault detection observer needs to make the generated residual robust to the unknown disturbance and sensitive to faults simultaneously.
In order to achieve a proper trade-off between fault sensitivity and disturbance attenuation performance, a mixed H − /H ∞ fault detection observer method was first proposed by Hou and Patton (1996) , with the H − index defined as the smallest nonzero singular value of the transfer function matrix at the particular frequency ω = 0, which is also called the DC-gain. In the work of Armeni et al. (2009) , a robust observer is designed for LPV systems with the highest H ∞ disturbance robustness performance and a predefined lower bounded on the DC-gain from fault to the residual. Liu et al. (2005) extended the definition of the H − index extended as the minimum singular value of the transfer function matrix. In the work of Wei and Verhaegen (2008) , the H − index is defined on an infinite frequency domain for LPV systems.
In recent years, many researchers have paid attention to H − /H ∞ fault detection observer design methods for nonlinear systems in infinite frequency domain (see, e.g., Cai and Wu, 2010; Wei and Verhaegen, 2011; Chadli et al., 2013; Estrada et al., 2015) . Grenaille et al. (2008) , Henry (2012) or Henry et al. (2015a) designed a robust fault detection filter with enhanced fault transmission H − gain and large H ∞ nuisance attenuation for LPV systems in a finite frequency domain by using the weighting matrix method. Besides, Henry (2008) and Henry et al. (2014 Henry et al. ( , 2015b demonstrated that it is possible to cover a very large range of uncertainties while maintaining high fault sensitivity. Recently, the generalized Kalman-Yakubovich-Popov (KYP) lemma was proposed by Iwasaki et al. (2005) , which gives an exact linear matrix inequality characterization of the H − index in a finite frequency domain. Furthermore, H − /H ∞ fault detection observer design method for nonlinear systems based on GKYP lemma was proposed by Chen et al. (2015) as well as Li and Yang (2014) .
Note that the H − index in an infinite frequency domain has to satisfy the full-rank column condition of the D-matrix between the faults and the measurement outputs. For strictly proper systems, the H − index over [0, ∞) is always zero (Wang and Yang, 2008) . Besides, in most existing results on observer design in full frequency domain, the fault vector in the measurement equation is assumed to be the same with the actuator fault vector. However, in real systems, actuator faults are different from the sensor fault. Thus, it is infeasible for an actuator fault to consider the H − index in infinite frequency, because it does not satisfy the full-rank column condition. In the work of Ichalal et al. (2016) , an actuator fault diagnosis approach for linear systems is proposed based on the relative degree of output with respect to the fault. However, in the H − index as well as the effect of unknown disturbance are not taken into consideration. Motivated by Ichalal et al. (2016) , the use of the relative degree notion aims to generate new auxiliary outputs depending on the actuator faults. It is proved that with the aid of the relative degree, the actuator fault vector can be introduced into the output equation, such that it is feasible for the new system to consider fault sensitivity by using the H − index. In this paper, disturbance robustness as well as actuator and sensor H − fault sensitivity are considered in an infinite frequency domain.
The main contribution of this paper covers the following aspects. First, the fault diagnosis method based on the relative degree of output is extended into a polytopic LPV system. A new polytopic LPV system is generated by using the relative degree of output with respect to the actuator fault, such that it is feasible for the new system to consider actuator fault sensitivity with the H − index in full-frequency domain. Then an H − /H ∞ fault detection observer is designed to make the generated residual robust against disturbance, sensitive to actuator faults and sensor faults simultaneously. The proposed observer design conditions are transformed into an optimization problem by solving a set of LMIs. Besides, in order to reduce some conservatism, the observer is designed based on a parameter-dependent Lyapunov matrix method.
The rest of this paper is organized as follows. The preliminaries are given in Section 2. The problem statement is described in Section 3. In Section 4, a new system is first constructed with generalized output, then a mixed H − /H ∞ observer is designed for the new polytopic LPV system. Simulation results are given in Section 5 to demonstrate the proposed approach. Finally, conclusions are given in Section 4.
Notation. Throughout the paper, P > 0 signifies that P is a positive-definite matrix and Q < 0 means that Q is a negative-definite matrix. The symbol in a symmetric matrix denotes the transposed block in the symmetric position. For a matrix A, He(A) is used to denote
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Preliminaries
Motivated by Li and Yang (2014) , the following definition is given.
Definition 1.
Consider an LPV system of the following form:
The system (1) is said to have an H ∞ performance index less than γ if under the zero initial condition the following inequality is satisfied:
Assume that D(ρ(t)) in (1) has no column rank deficiency ∀ρ(t), so that the H − index is null. The system (1) is said to have an H − performance index higher than β = 0 if under the zero initial condition the following inequality holds:
Definition 2. (Relative degree) (Isidori, 1995) . Consider a linear system where matrix B is omitted to simplify the definition as
where x ∈ R nx , f ∈ R and y ∈ R are the state vector, actuator fault signal and measurement output, respectively. The relative degree of output y(t) with respect to fault f (t) is λ f satisfying
The relative degree λ f of output y(t) with respect to fault f (t) means that the λ f -th time-derivative of output y λ f (t) depends on the fault explicitly, while all lower order time-derivatives of output do not depend on the fault explicitly, i.e.,
Lemma 1. (Garcia and Bernusson, 1995) The eigenvalues of a given matrix A ∈ R n×n belong to the closed circular region D(a, τ ) with the center a + j0 and radius τ if and only if there exists a symmetric positive definite matrix P ∈ R n×n such that
Lemma 2. (Wei and Verhaegen, 2011) The LPV system in (1) is asymptotically stable and has a quadratic H ∞ performance index less than γ if there exists a matrix P = P T > 0 such that
where
Lemma 3. The system in (1) is said to have a quadratic H − performance index higher than β if there exists a matrix Q = Q T > 0 such that the following LMI holds:
Problem formulation
Consider an LPV system such as
ny are the state, input and measurement output vectors, respectively. Here f a (t) ∈ R na is the actuator fault vector, f s (t) ∈ R ns denotes the sensor fault vector, w(t) ∈ R nw represents the unknown disturbance and v(t) ∈ R nv represents the measurement noise.
T is the scheduling vector assumed to be measurable online and not affected by the faults, s is the number of the scheduling variables.
In this paper, as in the works of Gahinet et al. (1996) and Rodrigues et al. (2014) , each element ρ i (t) in ρ(t) ranges between known extreme values ρ i and ρ i , i.e.,
(11) The system matrices A(ρ(t)), B(ρ(t) ) and D x (ρ(t)) are functions which depend affinely on the time-varying parameter vector ρ(t), i.e.,
M(ρ(t))
M(ρ(t)) stands for matrices A(ρ(t)), B(ρ(t)) and D x (ρ(t)).
In this paper, the polytope is as a hyper-rectangle. The system (10) can be transformed into a convex interpolation of the vertices of Ω, with the vertices . . . , N] , where N = 2 s . Then, the polytopic coordinates are denoted by h i (ρ(t)) and vary in the convex set Ω,
Hence, the system (10) can be re-expressed by a polytopic representation as The disturbance and measurement noise vectors can be treated as one vector, i.e.,
Then, the system (14) is written as
In the following, M(ρ(t)) is written as M(ρ) for the sake of brevity.
In the sequel, the following assumptions are used.
Assumption 2. The generalized disturbance vector d(t)
and its derivativeḋ(t) as well as the sensor fault derivativė f s (t) are assumed to be energy bounded, i.e.,
Assumption 3. The relative degree of output y(t) with respect to actuator fault f a (t) is assumed to guarantee that
Remark 1. According to Rodrigues et al. (2014) , the structure of actuator fault vector f a (t) can be used to represent an additive or a multiplicative fault signal. Considering the faulty control input u f (t) = (I − η)u(t), it can be written as an external additive signal u f (t) = u(t) + f a (t), where f a (t) = −ηu(t) with
where η i = 1 represents a total failure to the i-th actuator, η i = 0 means i-th actuator is fault free and 0 < η i < 1 denotes that the loss of control effectiveness of the i-th actuator.
In order to detect actuator and sensor faults, an observer is designed with the following structure:
wherex(t) ∈ R nx is the state vector of the observer (19) to estimate the state vector x(t) and r(t) ∈ R ny is the residual vector. The matrices L(ρ) ∈ R nx×ny and M ∈ R ny×ny are the gain matrices of a residual generator based on the observer (19) that have to be designed. Matrix L(ρ) has the following form:
Define the state estimation error vector as
Subtracting (19) from (14), the dynamic system for the estimation error is obtained as
The state estimation error system (22) can be divided into the following subsystems, cf. Wang et al. (2015b) :
and
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The observer (19) is called an H − /H ∞ fault detection observer if the state estimation error system (22) is asymptotically stable and the following inequalities are satisfied:
For the system (22), the sufficient conditions of the H ∞ disturbance attenuation performance (27) and the H − index fault sensitivity performance (28) and (29) can be obtained easily based on Lemmas 2 and 3 separately.
For the system (24), note that the matrix D(ρ) is zero, and it is infeasible for the system (22) to consider H − actuator fault sensitive performance in a full frequency domain. If we consider the actuator fault f a (t) and sensor fault f s (t) as one fault vector,
then letting d(t) = 0, we can rewrite the system (22) as
wherē
Note that the matrix ofĒ s is not full-column rank either, so that H − actuator fault sensitivity and H − sensor fault sensitivity cannot be considered by using the augmented technique. In order to overcome the problem, in this paper H − actuator fault sensitivity and H − sensor fault sensitivity are analyzed separately.
According to Ichalal et al. (2016) , actuator fault also influences the output. The use of the notation of the relative degree aims to define new auxiliary outputs depending on actuator faults, and the actuator fault is transformed into the measurement output equation, so that the H − /H ∞ fault detection observer is theoretically feasible. Based on the idea, in this paper we will design an H − /H ∞ fault detection observer based on the relative degree of the output method for polytopic LPV systems.
Main results
In this section, an H − /H ∞ fault detection observer is designed for polytopic LPV systems based on the relative degree of output. The scheme of the proposed fault detection method is depicted in Fig. 1 . 4.1. New system generated by using the relative degree. Consider first a single-input single-output system. Under Assumption 3 that the relative degree of the output with respect to the actuator fault is 1, the time derivative of the output vectorẏ(t) is obtained aṡ
Consider the disturbance and its derivative and the derivative of the sensor faultḟ s (t) as a new generalized disturbance, i.e.,
By gathering the original output y(t) and its time derivativeẏ(t), a new generalized outputỹ(t) is generated asỹ
wherẽ
SettingD
a new polytopic LPV system is obtained as
Now consider multiple-input and multiple-output systems. When there are more than one actuators, the system (10) can be written as
where B j (ρ) is the j-th column of the matrix B(ρ). Ichalal et al. (2016) proposed an analysis method for the MIMO situation. If the output has different relative degrees with respect to each actuator, each should be analyzed as the SISO case, and then all the new componentsỹ i (t) should be gathered as a whole to form the new outputỹ(t). However, in this paper it is assumed that the relative degree of each output with respect to each actuator fault f a (t) is 1, i.e., rank(CB(ρ)) = rank(B(ρ)) = n u , the matrix CB(ρ) satisfies the full-column condition. In this situation, the new generalized output can be obtained as in (34).
Then, for the system (37), an observer is designed as ⎧ ⎪ ⎪ ⎨
⎪ ⎪ ⎩ẋ (t) = A(ρ)x(t) + B(ρ)u(t) + L(ρ)[ỹ(t) −ŷ(t)], y(t) =C(ρ)x(t), r(t) = M [ỹ(t) −ŷ(t)].
(39) With the definition of the state estimation error as (21), the estimation error system is obtained as
r(t) = MC(ρ)e(t) + M R(ρ)f a (t) + M Sf s (t) + MD y (ρ)d(t).
(40) Remark 2. In this paper, the three assumptions are necessary. Assumption 1 is a normal condition for the observer design problem. Assumption 2 guarantees that the new generalized disturbance vector is energy bounded for the H ∞ performance condition. Besides, when the relative degree of output with respect to the actuator fault is 1, the new augmented system matrices (35) need the time-varying parameters ρ(t), while if the relative degree is more than 1, the augmented system will contain high order terms of ρ(t) and the derivatives of ρ(t), which make the design conditions too complicated to solve. Moreover, Assumption 3 is required because H − design requires the fault distribution matrix to be of full column rank.
4.2.
Fault detection observer design. In this subsection, the design conditions are provided to synthesize the observer matrices L i and M in (39).
Theorem 1.
Given 
Given scalar κ, the proposed observer gain matrix L i can be optimized through solving the optimization problem max κβ
Proof.
(i) Disturbance attenuation condition. The robustness of the residual signal r(t) against disturbance d(t) is first considered. Making f a (t) = 0 and f s (t) = 0 in (40), we have ⎧ ⎪ ⎨ ⎪ ⎩ė
According to Lemma 1, there exists a parameter-dependent Lyapunov matrix P 1 (ρ) such that
where P 1 = P T 1 > 0 and Apkarian and Tuan (2000) as well as Tanaka and Wang (2001) , it is not difficult to write (48) as
Thus, the following condition is obtained:
(ii) Actuator fault sensitivity condition. In order to consider the actuator fault sensitivity of residual r(t), lettingd(t) = 0 and f s (t) = 0 in (40), we have
Based on Lemma 3, if there exists P 2 (ρ) = P 2 (ρ)
T > 0 such that
then H − actuator fault sensitivity performance of the residual is assured.
Then we obtain
(iii) Sensor fault sensitivity condition. The analysis of the sensor fault sensitivity condition is similar to that of the actuator fault sensitivity condition as mentioned above.
Similarly, we can prove that there exists a positive definite symmetric matrix P 3 (ρ) such that the following LMI holds:
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Then we have
Note that due to the existence of
, there is a coupling between (50), (55) and (60). As P 1 (ρ), P 2 (ρ), P 3 (ρ) can be chosen different, in order to decrease some conservatism, setting
and substituting (61) into (50), (55) and (60), we can obtain (41), (42) and (43). Moreover, in this paper, the performances of state error dynamics are specified via a regional pole constraint; based on Lemma 2, we have
Then, with a similar process, (62) is equivalent to (44). This completes the proof.
The gain matrices L i of the proposed observer are obtained based on L i = P −1 W i and the fact that U is a non-negative symmetric matrix; the matrix M can be obtained as the square root of U .
Remark 3. The parameters θ 1 , θ 2 , θ 3 are determined beforehand, which can provide more degrees of design freedom. In the implementation, they can be chosen by a trial-and-error method.
Simulation results
In this section, numerical simulations are reported to demonstrate the effectiveness of the proposed H − /H ∞ fault detection observer design method.
Consider a vertical takeoff and landing (VTOL) aircraft model in the vertical plane from the work of Jia et al. (2015) , described in LPV form as in (10), where the state vector
T consists of horizontal velocity, vertical velocity, pitch rate and pitch angle, respectively, and the control input u(t) = [u c u l ] T covers collective pitch control and longitudinal cyclic pitch control, respectively. Here w(t) represents model uncertainties and unknown disturbances and v(t) denotes the measurement noise.
The system matrices of the VTOL model are As the relative degree of each output with respect to the actuator fault is 1, the new output and its corresponding matrices can be obtained based on (35). In this paper, it is assumed that ρ(t) = [ρ 1 (t) ρ 2 (t)] T are the scheduling vectors with ρ 1 (t) ∈ [−0.5, 0.5] and ρ 2 (t) ∈ [−2, 2]. The scheduling variables ρ 1 (t) and ρ 2 (t) are shown in Figs. 2 and 3 . Based on the vertex of ρ 1 (t) and ρ 2 (t), four local models are derived, and the weighting functions h i (ρ(t)), i = 1, . . . , N, i = 1, . . . , N = 4, are described as
where h 11 (ρ(t)), h 12 (ρ(t)), h 21 (ρ(t)) and h 22 (ρ(t)) correspond to the vertex defined by (ρ 1 = −0.5, ρ 2 = H − /H ∞ fault detection observer design for a polytopic LPV system using the relative degree 
Fig. 4. Local weighting functions hi(ρ).
−2), (ρ 1 = −0.5, ρ 2 = 2), (ρ 1 = 0.5, ρ 2 = −2) and (ρ 1 = 0.5, ρ 2 = 2), respectively. The local weighting function h i (ρ(t)) of each local model is depicted in Fig. 4 . In accordance with the separation principle of the controller and observer design, a controller has been synthesized with a state feedback structure so as to maintain the closed-loop system stable.
In this paper, the parameters in (45) are chosen as κ = 0.4, and other parameters are chosen as θ 1 = 2, θ 2 = 1, θ 3 = 0.5. The disturbance attenuation performance is given by γ = 0.05, Besides, in the calculation, the matrix V is restricted as V ≤ 10; then, by solving the optimization problem in (45) of Theorem 1 with the regional pole constraint D (−5, 4.9) , H − fault sensitivity performance is obtained as β 1 = 0.5419 and β 2 = 0.1023, and the gain matrices of the proposed observer are calculated as 8226 −5.8846 −41.2032 −24.7593 −24.9648 22.4426 −19.0451 −3.2254 −6.4556 4.0874 −15.7429 −10.8376 −10.3446 
Besides, in order to demonstrate the effectiveness of the proposed method, it is compared with the classical H ∞ observer. For the system (10), design the observer (19) by solving the following LMIs:
The matrices of the H ∞ observer are obtained as In the simulations, the initial state is chosen as [0 0 0 0] T , the input vector is given as u(t) = [sin(0.01t) cos(0.05t + π/2)] T , the system uncertainty w(t) and measurement noise v(t) are set as random signals bounded by [−1, 1] . In this paper, residual evaluation is considered to be the root mean square (RMS) value of the generated residual as in the work of Huang et al. (2017) . In this paper, two fault scenarios are assumed to be detected. First, an abrupt fault is assumed to occur in the first actuator with the 50 % loss of effectiveness at t = 40 s, i.e., 
In the second fault scenario, we consider the sensor fault; it is assumed that a time-varying fault occurs in the first sensor with the formulation as 
The simulation results are depicted in Figs. 6 and 7. The former shows residual evaluation generated by the proposed method and the H ∞ observer for the actuator fault (65). Therein, the dash-dotted line represents the residual evaluation generated by the proposed H − /H ∞ observer and the dashed line is the residual evaluation generated by the H ∞ observer. The latter figure shows the residual evaluation for the sensor fault (66). It can be seen that the proposed method has more fault sensitivity than the H ∞ observer one.
Conclusions
In this paper, an H − /H ∞ fault detection observer was designed for a class of polytopic LPV systems by using the relative degree of output. First, by considering the original output and its time derivative as a new output, a new augmented system was generated, such that the H − index was feasible for the new system. Then the observer was designed to consider the H ∞ disturbance attenuation performance, H − index of actuator fault sensitivity and sensor fault sensitivity simultaneously.
Simulations results demonstrated the effectiveness of the proposed method.
